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Abstract

An inversion technique is developed to reconstruct the temperature distribution over the thickness of a part during
polymer processing using the surface temperature measurement[ The algorithm is validated using surface temperature
data generated numerically from a number of theoretical temperature pro_les developed during polymer ~ows[ The
technique is then applied to the injection stretch blow molding process[ In this process a preform is injection molded\
stretched to its _nal length and then in~ated[ A single stage AOKI machine is used for the experiments[ An infrared
camera is employed to measure the surface temperature of the preform with time after it is taken out of the injection
mold[ The initial temperature distribution in the preform and its temperature evolution before stretching and in~ation
are predicted[ Þ 0887 Published by Elsevier Science Ltd[ All rights reserved[

Nomenclature

Cp speci_c heat ðJ kg−0 K−0Ł
d half thickness of the part ðmmŁ
f"x# initial temperature pro_le
Df"x# variation in initial temperature pro_le
h heat transfer coe.cient ðW m−1 K−0Ł
J functional to be minimized
J?n gradient of J at iteration n
k thermal conductivity ðW m−0 K−0Ł
Pn direction of descent at iteration n
t time ðsŁ
tf _nal time
T temperature ð>CŁ
Ta ambient temperature ð>CŁ
Tm"t# measured surface temperature with time ð>CŁ
Ts"t# computed surface temperature with time ð>CŁ
x spatial coordinate in thickness direction ðmmŁ[

Greek symbols
a thermal di}usivity
bn step size at iteration n

� Corresponding author[ Tel[] 990 349 530 4955^ fax] 990 349
530 4093^ e!mail] ky[nguyenÝnrc[ca

gn conjugate coe.cient at iteration n
d Dirac delta function
U sensitivity variable
r density ðkg m−2Ł
t minimum time data required for the inversion
x adjoint function of T[

0[ Introduction

In polymer processes such as extrusion\ injection mold!
ing or blow molding\ the material undergoes a complex
history in which it is melted\ ~ows through complex
geometries where viscous dissipation plays a central role\
is deformed to take the shape of the mold\ and _nally is
cooled down and solidi_ed into the _nal product[ Some
typical examples of di}erent polymer processes are
described[ Each example highlights the importance of
temperature pro_les for the optimization purposes[

In polymer extrusion\ the material is plasticated in an
extruder before passing through a die for shaping
purpose[ The material is usually assumed to have a con!
stant temperature at the entrance of the die and the die
is usually controlled at a given temperature[ As such\ it
is hoped that the extrudate will have a uniform tempera!
ture[ However\ due to the history in the extruder\ the
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material temperature at the die entrance is rarely uniform[
It is di.cult to determine the temperature distribution
over the cross section of the extrudate at the exit[ This
temperature pro_le will in turn have an in~uence on the
dimensional uniformity and properties of the product[

In injection molding\ a hot molten polymer is injected
into a cold cavity[ As the polymer comes into contact
with the cavity\ the skin is frozen and the e}ective cavity
thickness is reduced[ The growth of the frozen layer is
quite complicated due to the moving front[ At the same
time the velocity of the polymer and the viscous dis!
sipation increase due to the reduced gap[ The temperature
distribution in the polymer at the end of the _lling phase
is extremely complex and has a signi_cant e}ect on the
shrinkage\ warpage and residual stresses of the _nal part
as well as the cycle time[

In extrusion blow molding\ a hollow polymer cylinder\
called a parison\ is extruded through an annular die\
clamped and in~ated by air pressure into a mold to pro!
duce hollow parts[ During the extrusion process\ the pari!
son experiences a non!uniform cooling along its length[
The result is a non!uniform modulus which a}ects the
in~ation of the parison and the _nal thickness dis!
tribution in the part[

Thus\ temperature is probably one of the most impor!
tant parameters in polymer processing[ However\ its
measurement is extremely di.cult\ especially its pro_le
in the thickness direction[ Previous attempts to measure
the temperature pro_le include using ~uorescence spec!
troscopy ð0\ 1Ł\ ultrasonics ð2\ 3Ł and infrared pyrometry
ð4\ 5Ł[ In the ~uorescence spectroscopy method\ a tem!
perature sensitive dye is incorporated into the polymer
at dopant levels and the local temperature is measured by
monitoring spectral features of the dye[ In the ultrasonic
technique\ an ultrasonic velocity distribution "tom!
ogram# in a hot body is converted to an internal tem!
perature distribution by employing an inverse method
with a precisely measured velocity!temperature relation[
In infrared pyrometry\ an inverse radiation method\
based on the radiant energy emitted by the poly!
mer:boundary system\ is used to retrieve the temperature
_eld inside a semi!transparent material[ In this work\ an
inversion technique is developed to predict the tem!
perature distribution in the thickness direction from the
surface temperature measurement[ The theory is vali!
dated using numerically generated data from theoretical
temperature pro_les developed during polymer ~ows[
The algorithm is then applied to the injection!stretch!
blow molding process to predict the temperature dis!
tribution in the injection!molded preform before the
stretching and in~ation phase[

1[ Formulation of the inverse problem

The injection!stretch!blow molding "ISBM# process is
a very popular method to produce food containers[ In

the single stage ISBM process\ a preform is injection
molded\ then moved to a blowing station\ stretched by a
rod to its _nal length and then in~ated[ In the two!
stage ISBM\ the preforms are molded and stored at room
temperature until needed[ At that point\ the preform
is reheated in a conditioning oven to an appropriate
temperature before stretching and in~ation take place[ In
either case\ the temperature distribution in the preform
along its length and in its thickness is very important in
determining the thickness uniformity of the _nal part
and whether the preform can be stretched and in~ated
properly ð6Ł[ In the following section\ the temperature
distribution in the thickness of the preform is de_ned and
solved as an inverse problem[

The wall thickness of the preform is usually small com!
pared to its height or width[ In this instance\ it is reason!
able to assume that the heat transfer is one!dimensional[
Furthermore\ since the temperature of the mold or die is
controlled at approximately the same temperature on
both sides\ the temperature pro_le is considered sym!
metric across the mid plane of the thickness[ With the
above assumptions\ the equation governing the tem!
perature evolution in the preform is given by]

rCp

1T
1t

�
1

1x
k

1T
1x

"0#

with the following boundary and initial conditions]

1T
1x

� 9 at x � 9 "on the plane of symmetry# "1#

−k
1T
1x

� h"T−Ta# at x � d "on the surface# "2#

T"x\ t � 9# � f"x# "3#

where T is the temperature\ Ta the ambient temperature\
r the density\ Cp the speci_c heat\ k the thermal con!
ductivity\ h the heat transfer coe.cient\ t and x denote
time and spatial coordinate\ respectively and d is the half
thickness of the part[

If the initial temperature distribution over the thick!
ness of the part were known\ the problem is well!posed
and a unique solution can be obtained[ However\ this
temperature distribution is usually unknown and di.cult
to measure[ On the other hand\ the surface temperature
of the part is measurable and is a direct consequence
of the internal temperature distribution[ The physical
de_nition of this inverse problem is to reconstruct the
unknown initial temperature distribution by measuring
the surface temperature as a function of time after part
ejection[ By using di}erent portion of the time response
data\ the evolution of the temperature pro_le can be
predicted[

Several researchers have considered the inverse heat
conduction problem^ however\ the emphasis has been
mainly in the prediction of the surface heat ~ux under
steady or unsteady state conditions\ material properties
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ð7Ð03Ł or volumetric heat source ð04Ł[ Various techniques
have been applied to the solution of such problems
including the regularized least square method ð8\ 05Ł\ the
sequential estimation ð8Ł\ the molli_cation method ð07Ł
and the conjugate gradient method using an adjoint equa!
tion ð7\ 02\ 04\ 07Ł in conjunction with the _nite element
method ð08Ł or the boundary element method ð19Ł[ In the
above works\ the initial temperature is assumed known[
The prediction of the initial temperature has been rela!
tively ignored ð7\ 01\ 10Ł[ In this work the inverse problem
of reconstructing the initial condition of the part across
the thickness is formulated using the adjoint method with
the resulting equations solved by the _nite element tech!
nique[

Let the initial condition be given by f"x#[ If the initial
condition is varied by an amount Df"x#\ the temperature
will vary by U"x\ t#[ The function f"x# can be found by
minimizing the functional Jð f"x#Ł de_ned by]

J � g
t

9

ðTs "t#−Tm"t#Ł1 dt "4#

where Ts and Tm are\ respectively\ the computed and the
measured surface temperature[

The conjugate gradient method was employed to
search for the minimum of the functional[ This method
has been well documented elsewhere ð11\ 12Ł and will not
be repeated here[ Two quantities needed in this method\
the stepsize and the gradient\ are obtained by solving the
sensitivity problem and the adjoint problem de_ned as
following]
The sensitivity problem

rCp

1U
1t
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"5#

1U
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� 9 at x � 9 "6#

−k
1U
1x

� hU at x � d "7#

U � Df"x# at t � 9 "8#

where x � 9 and x � d denote the plane of symmetry and
the part surface\ respectively[
The adjoint problem

1

1t
rCpx¦

1

1x
k
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1x

¦1"T−Tm#d"x−d# � 9 "09#

1x
1x

� 9 at x � 9 "00#

−k
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� hx at x � d "01#

x � 9 at t � tf[ "02#

The algorithm for the solution is as follows]

"i# choose an initial guess Tn"x#^
"ii# solve the direct problem to obtain the surface tem!

perature T"d\ t#^

"iii# from the computed T"d\ t# and the measured Tm"t#\
solve the adjoint problem to _nd the gradient of
the functional J

J?n � −"rCpx#t�9^ "03#

"iv# compute the conjugate coe.cient by]

gn �
g

d

9

"J?n"x##1 dx

g
d

9

"J?n−0"x##1 dx

^ "04#

"v# calculate the direction of descent]

Pn � J?n¦gnPn−0^ "05#

"vi# set Df"x# � Pn and solve the sensitivity problem for
U"x\ t#^

"vii# calculate the step size from]

bn �
g

tf

9

ðT"d\ t#−Tm"t#ŁU"d\ t# dt

g
tf

9

ðU"d\ t#Ł1 dt

"06#

"viii# update the initial guess and repeat the iteration
until convergence is achieved]

Tn¦0"x# � Tn−bnPn[ "07#

2[ Results

In order to test the algorithm\ a number of typical
temperature pro_les developed during polymer ~ows are
considered]

"i# For the fully developed ~ow of a Newtonian ~uid
with a temperature!independent viscosity between
two parallel isothermal walls\ the temperature dis!
tribution over the thickness is a fourth order poly!
nomial with a maximum at the centerline ð13Ł[ This
pro_le can be emulated by a ramp function con!
sisting of a linear increase followed by a constant as
shown in Fig[ 1[

"ii# For the developing ~ow of a Newtonian ~uid
between two parallel isothermal walls\ the tem!
perature pro_le is characterized by a peak between
the centerline and the wall due to the viscous dis!
sipation ð14Ł[ This pro_le is estimated by a triangular
temperature shape followed by a constant as
depicted in Fig[ 2[

"iii# For the coextrusion of two ~uids\ it is conceivable
that each ~uid has a constant and di}erent tem!
perature and thus the pro_le is given by a step func!
tion as displayed in Fig[ 4[

In the following calculations\ a half thickness of 0[4
mm is used since this corresponds to the half thickness
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Table 0
Material properties of PET

Density ðkg m−2Ł 0299
Speci_c heat ðJ kg−0 >C−0Ł 0499 or

0499¦3�"T−094#
Thermal conductivity ðW m−0 >C−0Ł 9[134
Heat transfer coe.cient ðW m−1 >C−0Ł 04

of the part in the experiments[ For each pro_le\ the direct
problem was solved to generate the surface temperature
using the parameters shown in Table 0[ All thermal
properties are assumed to be constant unless indicated
otherwise[ This surface temperature was then used as
{experimental| data to reconstruct the initial temperature
pro_le using the inverse method[ The inverse problem is
inherently ill!posed\ i[e[ small errors in the data can incur
a large variation in the solution[ Since all experimental
data contain a certain level of noise\ the challenge is to
develop a stable algorithm which is less susceptible to
noise[ To assess the e}ect of noisy data on the recon!
structed temperature pro_le\ a 1) random noise with
zero mean was superposed on the exact data[ The exact
data and those with noise are shown in Fig[ 0 for case I[
Figure 1 shows a comparison between the input tem!
perature pro_le and the recovered solutions[ When the
data are exact\ the predicted temperature pro_le is in
excellent agreement with the input except near the sharp
corner[ This is due to the di}usive nature of the heat
equation and the smoothing e}ect of the inverse al!
gorithm[ When the data have a 1) random noise\ the

Fig[ 0[ The surface temperature data generated numerically from
an initial ramp function pro_le shown in Fig[ 1[

Fig[ 1[ Comparison between the input initial temperature pro_le
and the reconstructed temperature pro_les when the data are
exact and when the data contain 1) random noise with zero
case[ Case 0] ramp function pro_le[

recovered pro_le deviates somewhat from the input^ how!
ever\ the error is always less than the noise level and
within 1>C even near the sharp corner[ This can be con!
sidered as very good agreement since it falls within the
accuracy of most temperature measurements[

For case II the temperature peak was represented quite
well by the inverse solution[ The reconstructed tem!
perature is within 1>C of the input pro_le with exact or
noisy data as shown in Fig[ 2 except near sharp corners[
Similar to the _rst case\ the sharp corners have been
rounded by the inverse algorithm[ Even though random
noise has a zero mean\ it may superpose on the data in
di}erent sequence from one experiment to another which
in turn in~uences the solution[ Noisy data with di}erent
sequences were obtained by generating random number
series with di}erent seeds[ Figure 3a shows the di}erence
between the reconstructed pro_le obtained using exact
data and those obtained with di}erently seeded noisy
data[ A 1) noise level results in less than 0) error in
the prediction of the initial temperature[ The e}ect of a
di}erent noise seed on the predicted surface temperature
is even less and con_ned to the short time response as
shown in Fig[ 3b[ It should be noted that even though
the recovered solution is close to the input pro_le\ the
position of the maximum temperature is slightly shifted[

For case III\ the error is much larger[ The step function
has been replaced by a smooth sigmoidal function as
shown in Fig[ 4[ Even though two temperature levels can
still be visible\ the reconstructed temperature can only be
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Fig[ 2[ Comparison between the input initial temperature pro_le
and the reconstructed temperature pro_les when the data are
exact and when the data contain 1) random noise with zero
mean] case 1*triangular temperature pro_le[

considered as fair[ As before\ di}erent noise distributions
have a negligible e}ect on the inversion results[

2[0[ Effect of error in material properties on the inverse
solution

The recovered temperature pro_le depends not only
on the surface temperature but also on the material
properties\ namely\ the density\ the speci_c heat and the
thermal conductivity[ Another quantity of particular
importance is the heat transfer coe.cient which depends
considerably on the environment and thus can vary from
one experiment to another[ Their measurements usually
involve signi_cant uncertainties[ These properties are also
temperature dependent giving rise to two di.culties[ If
the temperature dependence is taken into account\ the
problem becomes nonlinear[ Even though this aspect has
been included in the adjoint formulation\ the solution
is more time consuming[ In the range of temperature
considered in this work\ the temperature dependence is
rather weak and the thermal properties are assumed to
be constant\ giving rise to a certain error in the solution[
In the following sections\ the e}ect of the variation in
material properties on the inversion will be examined to
determine the resulting error level[

The surface temperature data for case I were generated
using the material properties given in Table 1[ The inverse
solution is now obtained using di}erent thermal proper!
ties[ Figure 5 shows the e}ect of a 19) change in speci_c
heat on the recovered temperature pro_le[ In Fig[ 6\ com!

Fig[ 3[ The e}ect of di}erent noise sequence on the recovered
initial temperature pro_le and the predicted surface temperature]
"a# the di}erence between the initial pro_le identi_ed with exact
data and those with noisy data^ "b# the di}erence between pre!
dicted surface temperature using exact data and those with noisy
data[

parison is made between three di}erent values of thermal
conductivity\ namely\ 9[199\ 9[134 and 9[299 W m−0 K−0

which represents about 219) change with respect to the
measured value of 9[134[ The 19) variation in thermal
properties is considerably larger than the uncertainty of
less than 09) incurred in most measurements ð15\ 16Ł[
Even with such large changes in thermal properties\ the
predicted temperature pro_le is still quite reproducible[
The variation in thermal properties has a larger e}ect at
longer time which is re~ected in the temperature recovery
near the center line[

One of the most di.cult parameters to measure is
the heat transfer coe.cient[ In Fig[ 7\ the heat transfer
coe.cient was changed by 229)[ The pro_le near the
surface still shows a remarkable resemblance to the input
pro_le while near the center a maximum of 4>C variation
is obtained[ The predicted surface temperature is very
close to the input data "within 9[1)# indicating that the
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Fig[ 4[ Comparison between the input initial temperature pro_le
and the reconstructed temperature pro_les when the data are
exact and when the data contain 1) random noise having
di}erent distribution] case 2*step function pro_le[

Table 1
Injection molding conditions

Melt temperature ð>CŁ 169
Mold temperature ð>CŁ 19
Ambient temperature ð>CŁ 14
Injection time ðsŁ 0
Cycle time ðsŁ 5

_t is very good[ However\ when the two recovered pro_les
were used to predict the surface temperature at longer
times\ larger deviation was obtained as shown in Fig[ 8[
Therefore\ for a given set of surface temperature data\ a
portion of the data can be used to identify the initial
pro_le and the rest of the data may be used in an iterative
procedure to predict the heat transfer coe.cient\ or in
general\ the thermal properties of the materials[ One of
the di.culties in this procedure is to choose the appro!
priate portion of the data to be used for the recon!
struction of the initial pro_le[ In this work\ the minimum
amount of data required in terms of time is estimated by
equation "08# based on the transient heat conduction in
a semi!in_nite medium]

t �
d1

3a
"08#

where a � k:rCp is the di}usivity of the material and d is
the half thickness of the part[ This procedure has been

Fig[ 5[ The e}ect of error in speci_c heat on the reconstructed
initial temperature pro_le[

Fig[ 6[ The e}ect of error in thermal conductivity on the recon!
structed initial temperature pro_le[

used to obtain the value of heat transfer coe.cient given
in Table 0 and used throughout this work[

3[ Experimental

In this work\ the experiments were carried out in a
single stage AOKI injection!stretch!blow molding
machine[ The material employed is a blow molding grade
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Fig[ 7[ The e}ect of error in heat transfer coe.cient on the
reconstructed initial temperature pro_le[

Fig[ 8[ The e}ect of error in heat transfer coe.cient on the
predicted surface temperature at longer time[

Polyethylene Terephthalate "Kodapak 8810#[ The
material properties and the injection molding conditions
are given in Tables 0 and 1\ respectively[ The heat transfer
coe.cient is included in Table 0 even though it is not
strictly a material property[ Its measurement is rather
di.cult and thus it is estimated by a trial and error
procedure to be explained later[ An infrared camera
"AGEMA 899\ 7Ð01 mm wavelength# was used to record
the surface temperature of the preform as it was taken

out of the injection mold and held in place at the thread
region[ The thickness of the preform is about 2 mm[
The material is transparent to visible light during the
measurement but it is opaque to infrared light with a
penetration depth of the order of 49 mm[ To ensure that
the measured temperature is the surface temperature\ a
narrow wavelength _lter centered at 7[82 mm was also
used[ During the molding of the preform\ a hot polymer
melt at 169>C is injected into the cold cavity at about
19>C[ While inside the cavity\ the packing pressure keeps
the polymer in contact with the mold resulting in a cold
surface and a hot interior[ When the preform is removed
from the mold\ which corresponds to time t � 9 in the
experiments\ heat from the hot interior moves to the
surface causing the temperature to rise[ A picture of the
preform and a typical surface temperatureÐtime plot are
shown in Figs 09 and 00[

The inverse algorithm is now applied to the surface
temperature data obtained from the infrared camera[
Figure 01 shows the predicted temperature pro_le across
the thickness of the preform from the centerline to the
surface[ The predicted pro_le shows a maximum at the
center which is due to the high melt temperature[ A shoul!
der is apparent about 9[4 mm from the surface[ This
could arise from heat generation by viscous dissipation
during the _lling\ but it could also be due to the oscillation
from the algorithm[ This point is very di.cult to evaluate
without a direct method to measure the temperature[
Since the thermal conductivity of PET remains essentially
unchanged in the temperature range of the experiments
"69Ð079>C#\ only the e}ect of variable speci_c heat is
examined[ Two constant speci_c heat values are con!
sidered] a low value of 0499 J kg−0 >C−0 and a high value
of 0799 J kg−0 >C−0 which are the estimated speci_c heat
of PET at temperatures on the surface and in the center\
respectively[ The change in speci_c heat with temperature
is also fully accounted for using a linear function given
in Table 0[ The reconstructed pro_les show a lowest
temperature in the center for the highest value of speci_c
heat while it is highest for the case of variable speci_c
heat[ The temperature pro_le near the surface is prac!
tically the same for all three cases[ The di}erence between
the pro_les obtained using the speci_c heat of 0499 J kg−0

>C−0 is quite comparable to that obtained with a variable
speci_c heat model[ Thus\ even though it has been shown
that the inversion technique can provide a fairly reliable
temperature prediction within a few percent\ caution
should be taken not to overinterpret the results[ Since the
glass transition temperature of PET is about 69>C\ this
pro_le con_rms that the preform is still in the rubbery
zone and thus can be deformed easily during the blowing
stage[ A very good agreement can be achieved between
the predicted surface temperature using this pro_le and
the experimental data as presented in Fig[ 00[ This indi!
cates that the minimization algorithm is quite adequate
for the problem at hand[
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Fig[ 09[ The shape of the preform as it was taken out of the injection mold and held in place at the thread region[ The four pictures
show the evolution of the surface temperature with time[

Fig[ 00[ A typical plot of the measured temperature vs time at
one point on the surface of the preform and comparison with
the predicted temperature[

The heat transfer coe.cient h was estimated by a trial
and error method[ Using the measured surface tem!
perature over a short time segment 9³ t ³ t\ the initial
temperature pro_le is predicted[ This pro_le is then used
to calculate the {extrapolated| surface temperature\ i[e[
the surface temperature for longer time t × t[ From the
half thickness of the preform "about 0[4 mm# and the

Fig[ 01[ The temperature pro_le over the thickness of the pre!
form when it was just taken out of the injection mold as recon!
structed using the data shown in Fig[ 00 and di}erent speci_c
heat values[

material properties of PET as given in Table 0\ t is esti!
mated to be 3[4 s[ As shown in Section 2[0\ this {extrapo!
lated| surface temperature tends to deviate from the
measured temperature if an incorrect value of heat trans!
fer coe.cient was used[ The heat transfer coe.cient h is
adjusted and a new {extrapolated| surface temperature is
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Fig[ 02[ Comparison of the temperature distribution in the thick!
ness of the preform as predicted by the forward solution and the
inverse solution at di}erent times after taken out of the injection
mold[

calculated until it matches with the measured tempera!
ture[ This estimated value of heat transfer coe.cient is
of the same order of magnitude as those reported in the
literature for free convection in air ð12Ł and thus is
adopted for all other calculations[

To obtain the temperature pro_le in the preform at
any time after ejection\ two methods were used[ In one
method\ the predicted initial pro_le was used in the direct
problem[ In the other method\ the experimental data at
later times\ i[e[ the data from 0\ 1 or 3 s to the end\ were
used in the inversion[ In the direct problem\ the initial
pro_le identi_ed using the speci_c heat value of 0499 J
kg−0 >C−0 is used[ Figure 02 shows a very good agreement
between the pro_les obtained by the two methods indi!
cating that the inversion algorithm is quite consistent and
reliable[ The prediction of the temperature pro_le in the
thickness direction with time can be used to optimize the
molding process[ This is the subject of on!going research[

4[ Conclusions

An inversion algorithm was developed to reconstruct
the initial temperature from the surface temperature data[
The method was validated using exact data generated
numerically and showed excellent agreement even with
addition of 1) random noise[ It was then applied to
predict the internal temperature pro_le of an injection
molded preform used in the injection!stretch!blow mold!
ing process[ A reasonable pro_le was obtained which

needs to be veri_ed by other method[ The heat transfer
coe.cient has also been identi_ed which is in agreement
with values reported in the literature[ Even though it was
shown that the inversion technique can provide a fairly
reliable temperature prediction within a few percent\ cau!
tion should be taken not to overinterpret the results\
especially small scale details[
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